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Abstract.
In a harmonically-trapped rotating Bose-Einstein condensate (BEC), a vortex of large angular momentum decays to multiple vortices of unit angular momentum from an energetic consideration. We demonstrate the formation of a robust and dynamically stable giant vortex of large angular momentum in a harmonically trapped rotating BEC with a potential hill at the center, thus forming a Mexican hat like trapping potential. For a small inter-atomic interaction strength, a highly controllable stable giant vortex appears, whose angular momentum slowly increases as the angular frequency of rotation is increased. As the inter-atomic interaction strength is increased beyond a critical value, only vortices of unit angular momentum are formed, unless the strength of the potential hill at the center is also increased: for a stronger potential hill at the center a giant vortex is again formed. The dynamical stability of the giant vortex is demonstrated by realtime propagation numerically. These giant vortices of large angular momentum can be observed and studied experimentally in a highly controlled fashion.
Introduction
Soon after the observation [1] of trapped Bose-Einstein condensates (BEC) of alkalimetal atoms [2] in a laboratory, rapidly rotating trapped condensates were created and studied. A small number of vortices were created [3] for a small angular frequency of rotation Ω. As the angular frequency of rotation is increased in the rotating BEC, energetic consideration favors the formation of a lattice of quantum vortices of unit angular momentum each (l = 1) per atom [4, 5] and not an angular momentum state with l > 1. This was first confirmed experimentally in liquid He II in bulk [6] and later in a dilute trapped BEC [3, 7] . Consequently, a rapidly rotating trapped BEC generates a large number of vortices of unit angular momentum usually arranged in a Abrikosov triangular lattice [4, 7] . The dilute trapped BEC is formed in the perturbative weak-coupling mean-field limit. This allows to study the formation of vortices in such a BEC by the mean-field Gross-Pitaevskii (GP) equation [8] .
There has also been a study of vortex-lattice formation in a BEC along the weakcoupling to unitarity crossover [9] . The study of vortex lattices in a binary or a multicomponent spinor BEC is also interesting because the interplay between intra-species and inter-species interactions may lead to the formation of square [10, 11] , stripe and honeycomb [12] vortex lattice, other than the standard Abrikosov triangular lattice [4] . In addition, there could be the formation of coreless vortices [13] , vortices of fractional angular momentum [14] , and phase-separated vortex lattices in multi-component nonspinor [15] , spinor [16] and dipolar [11] BECs.
The challenging task of the formation of a giant vortex with a large angular momentum in a trapped BEC is of interest to both theoreticians and experimentalists. Such a vortex could be of use in quantum information processing technology. Dynamically formed meta-stable giant vortices of angular momentum 7 to 60 were experimentally observed [17] and studied numerically [18] . There have been numerical studies of a giant vortex in a harmonic plus quartic trap [19, 20, 21] , where the frequency of rotation was taken to be several times larger than the harmonic trap frequency. In all these studies the giant vortex appeared as a hole in a BEC with large inter-atomic interaction strength, surrounded by a vortex lattice with a large number of vortices. There have also been studies of a giant vortex in multi-component BECs [22] . In all these studies there was no control over the total number of vortices and the total angular momentum associated with the giant vortex. Such a vortex state cannot be employed in precision studies.
In the present letter we suggest a way of generating a stable giant vortex in a BEC with very small inter-atomic interaction strength, rotating with a small angular frequency of rotation Ω. The trapping potential was essentially harmonic with a small hill at the center in the shape of a Mexican hat. Such a potential can be optically realized in a laboratory [23] . With the increase of Ω, the angular momentum in the giant vortex can be increased gradually in a controlled fashion and can be fixed at any desired value. This control over the angular momentum of giant vortices and the associated small inter-atomic interaction strength make these giant vortices appropriate for high precision studies.
In section 2 the mean-field model for a rapidly rotating binary BEC is presented. Under a tight trap in the transverse direction a quasi-two-dimensional (quasi-2D) version of the model is also given, which we use in this letter. The results of numerical calculation are shown in section 3. Finally, in section 4 we present a brief summary of our findings.
Mean-field model for a rapidly rotating binary BEC
The generation of quantized vortices in a dilute BEC or in liquid He II upon rotation is an earmark of super-fluidity. As suggested by Onsager [24] , Feynman [25] and Abrikosov [4] , the vortices in a rotating super-fluid have quantized circulation: [5, 26] 
where v(r, t) is the super-fluid velocity at space point r ≡ (x, y, z) and at time t, C is a generic closed path, l is the quantized integral angular momentum of an atom in units of and m is the mass of an atom. In a rotating super-fluid, the integral (1) over path C could be nonzero, implying a topological defect in the form of quantized vortex inside this path. The quantization of circulation was explained by London assuming that the super-fluid dynamics is driven by the complex scalar field [5, 27] 
which satisfies the nonlinear mean-field GP equation [5] i
where ϕ is the phase of the function φ, N is the number of atoms, κω is the harmonic trap frequency in the z direction with the constant κ 1, a is the atomic scattering length and V (x, y) is the Mexican hat trapping potential in the x − y plane:
where the central hill of height A is taken to be a Gaussian. Such a Gaussian potential can be realized in a laboratory by de-tuned laser beams [23] . The function φ is normalized as dr|φ(r, t)| 2 = 1.
In the rotating frame of reference the generated vortex state is a stationary state [5] , which can be obtained numerically by solving the underlying mean-field GP equation of the trapped BEC in the rotating frame by imaginary-time propagation [28] . The Hamiltonian in the rotating frame is given by [29] H = H 0 − Ωl z , where H 0 is the same in the laboratory frame, l z ≡ i (y∂/∂x − x∂/∂y) the z component of angular momentum. The above transformation suggests that the ground-state energy of a BEC in the rotating frame should decrease as Ω is increased [5, 25] and this will be verified in our numerical calculation. Using this transformation, the mean-field GP equation (3) for the trapped BEC in the rotating frame for Ω < ω can be written as [5] i
However, we recall that for Ω > ω a harmonically trapped rotating BEC makes a quantum phase transition to a non-super-fluid state, where a mean-field description of the rotating BEC might not be valid [5, 19] .
V(x,y) Using the transformations: r = r/a ho , a ho ≡ /mω, t = tω, φ = φa 3/2 ho , Ω = Ω/ω, etc., a dimensionless form of (5) can be obtained:
where we have omitted the prime from the transformed variables. For a quasi-2D binary BEC in the x − y plane and for κ 1 the wave function can be written as φ(r, t) = ψ(x, y; t)Φ(z), where the function ψ(x, y; t) carries the essential dynamics and the normalizable Gaussian function Φ(z) = exp(−z 2 /2d 2 z )/(πd 2 z ) 1/4 , d z = 1/κ plays a passive role. In this case the z dependence can be integrated out [30] leading to the following quasi-2D equation
V (x, y)
where B = A/ ω, g = 2 √ 2πaN/d z , and normalization |ψ(x, y)| 2 dxdy = 1. In this letter we will consider Ω < 1 [5] . A plot of the Mexican hat potential (8) for B = 10 is shown in figure 1 .
The wave-function ψ(x, y, t) is intrinsically complex. For a stationary state ψ(x, y, t) ∼ ψ(x, y)e −iµt , where µ is the chemical potential. To write a real expression for the energy from the complex wave function ψ(x, y), it is convenient to write two coupled non-linear equations for the real and imaginary parts of the wave function [32] 
where ϕ is the phase of the wave function. The equation satisfied by the real part is In this equation ψ R is not normalized to unity. Using (10), the energy per atom for a stationary state in the rotating frame can be expressed as [32] 
Equation (11) involves algebra of real functions only and will be used in numerical calculation.
Numerical Results
The quasi-2D mean-field equation (7) cannot be solved analytically and we employ the split time-step Crank-Nicolson method [28, 31] for its numerical solution using a space step of 0.05 and a time step of 0.0002 for imaginary-time simulation and 0.0001 for realtime simulation. The imaginary-time propagation is used to obtain the lowest-energy stationary ground state and the real-time propagation is used to study the dynamics.
There are different C and FORTRAN programs for solving the GP equation [28, 31] and one should use the appropriate one. The programs of [28] have recently been adapted to simulate the statics and dynamics of a rotating BEC [32] and we use these in this letter. Without considering a specific atom, we will present the results in dimensionless units for different sets of parameters: Ω, g. In the phenomenology of a specific atom, the parameter g can be varied experimentally through a variation of the underlying atomic scattering length by the Feshbach resonance technique [33] .
We study how a giant vortex in a BEC trapped by the Mexican hat potential (8) with B = 10 evolve with the increase of angular frequency of rotation Ω. First we consider a small value of atomic interaction strength g (= 10) and solve (7) increasing Ω gradually from 0 to 0.95. In all cases a clean giant vortex is generated with the angular momentum increasing gradually from 0 to 11 as Ω is increased. By the term "clean giant vortex" we mean that there is no associated vortex of unit angular momentum in the body of the giant vortex. The angular momentum in the giant vortex is obtained from an analysis of phase of the wave function. In Figs. 2(a)-(j) we plot the density (|ψ| 2 ) of the rotating BEC for different Ω and the associated phase (ϕ) of the wave function, viz. (9) . A jump of phase of 2π along a closed path C around the center correspond to a unit angular momentum, viz. (1) . The angular momenta of the generated giant vortex for ω = 0, 0.5, 0.7, 0.8 and 0.9 are l = 0, 3, 6, 7 and 11, respectively. The phases of figure 2 confirm that we really have a single giant vortex of large angular momentum and not several vortices with a large total angular momentum: this is because the phase jump takes place around a single isolated central point. By increasing Ω in small steps we can easily generate a giant vortex with an intermediate value for angular momentum, e.g., l = 2, 4, 5, 8, 9, 10 etc. not shown in figure 2 .
We now consider the effect of increasing the atomic interaction strength g. For this purpose we consider the evolution of the giant vortex for g = 100. The numerically obtained density and the related phase profile in this case are illustrated in figure 3 for Ω = 0, 0.4, 0.5, 0.6 and 0.7 in plots (a)-(e) and (f)-(j), respectively. In this case, for values of Ω up to Ω = 0.7, a clean giant vortex with a large angular momentum is obtained. The angular momentum of the giant vortex for Ω = 0, 0.4, 0.5, 0.6 and 0.7 are 0, 3, 4, 5 and 7, respectively, as illustrated in figure 3 . It is interesting to consider the fate of the giant vortex for larger interaction strength g and Ω. For g = 100 and for larger Ω( 0.75) vortices of unit angular momentum are also generated inside the body of the giant vortex with a large angular momentum. This is illustrated in figure  4 . The density and phase profile shown in figures 4(a) and (b) for Ω = 0.9, g = 100 are qualitatively different from those obtained for smaller Ω and g. In this case we have 11 vortices of unit angular momentum embedded in the body of the giant vortex of angular momentum of 10 units, corresponding to a total angular momentum of 21 units. We find that a clean giant vortex can be generated in a trapped BEC with g = 10 for Ω 0.95; for g = 100 the same can be generated for Ω 0.75. For g = 200 we find that the same can be generated for Ω 0.55 only. This is illustrated in figures 4(c)-(f) by plots of density and phase for g = 200 and Ω = 0.5 and 0.75. We find, from figures 4(c)-(d), that, for Ω = 0.5, g = 200, a clean giant vortex is the g − Ω phase plot of figure 5 can be augmented by increasing the parameter B in potential (8) .
The Ω-dependent part of energy per atom can be obtained from a theoretical estimate of Fetter [5] :
where I is the moment of inertia of rigid-body rotation of an atom of the super-fluid. We have plotted in figure 7 this energy for g = 10 and 100 with the trap of figure 1 with B = 10. The energy (12) is independent of g and determined only by the moment of inertia. Figure 7 confirms this universal behavior of the rotational energy. The dynamical stability of a giant vortex of the rotating quasi-2D BEC is tested next. For this purpose we subject the giant-vortex state of the rotating BEC to real-time evolution during a large interval of time using the initial stationary state as obtained by imaginary-time propagation, after slightly changing the angular frequency of rotation Ω at t = 0. The giant vortex will be destroyed after some time, if the underlying BEC wave function were dynamically unstable. For this purpose, we consider a real-time propagation of the giant vortex exhibited in figure 3(e) for g = 100 after changing Ω from 0.7 to 0.72 at t = 0. The subsequent evolution of the giant vortex is displayed in figure 8 at (a) t = 200, (b) t = 400 for density and at (c) t = 200, (d) t = 400 for phase. The robust nature of the snapshots of the giant vortex during real-time evolution upon a small perturbation, as exhibited in figure 8 , demonstrates the dynamical stability of the giant vortex in the quasi-2D rotating condensate.
Summary and Discussion
We have demonstrated the formation of a stable giant vortex in a controlled fashion, for the atomic interaction strength g below a critical value, in a rotating BEC trapped by a Mexican hat potential, which is a harmonic trap modulated by a small Gaussian hill at the center. The atomic interaction strength and the rotational frequency Ω can be kept very small which will make a modeling of this phenomenology extremely accurate and reliable and hence such a giant vortex can be used in high precision studies. For atomic interaction strengths above the critical value, a giant vortex can be generated provided that the height of the central Gaussian hill is increased. Previous suggestions [17, 19, 20, 18] for the generation of a giant vortex employed a large value of g and Ω or employed multi-component BECs [22] and hence the generated giant vortex could not be controlled like the present one and might not be appropriate for high precision studies. The dynamical stability of the present giant vortex was established by realtime propagation. With present experimental know-how these giant vortices can be prepared and studied in a laboratory.
